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Abstract
Flexoelectricity is characterised by the coupling of the second gradient of the motion and the
electrical field in a dielectric material. The presence of the second gradient is a significant ob-
stacle to obtaining the approximate solution using conventional numerical methods, such as the
finite element method, that typically require a C1-continuous approximation of the motion. A
novel micromorphic approach is presented to accommodate the resulting higher-order gradient
contributions arising in this highly-nonlinear and coupled problem within a classical finite ele-
ment setting. Our formulation accounts for all material and geometric nonlinearities, as well as
the coupling between the mechanical, electrical and micromorphic fields. The highly-nonlinear
system of governing equations are derived using the Dirichlet principle and approximately solved
using the finite element method. A series of numerical examples serve to elucidate the theory and
to provide insight into this intriguing effect that underpins or influences many important scientific
and technical applications.
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1. Introduction
In a piezoelectric material, an applied uniform strain can induce electric polarisation (or vice
versa). Crystallographic considerations restrict this important property to non-centrosymmetric
systems. By contrast, flexoelectricity1 is the property of an insulator whereby it polarises when
subjected to an inhomogeneous deformation (i.e. a strain gradient). The inhomogeneous defor-
mation breaks the material’s centrosymmetry, thereby allowing polarisation in non-piezoelectric
materials. Flexoelectricity can occur in materials of any symmetry, broadening the range of ma-
terials for use as actuators and sensors [1]. Flexoelectricity is therefore of considerable interest
to the engineering community and is the subject of extensive research.
Flexoelectricity in solids was first identified by Mashkevich and Tolpygo [2, 3] and the the-
oretical foundations laid by Kogan [4]. Recent rapid advancements in the miniaturisation of
fabricated components has stimulated substantial experimental research into the flexoelectric ef-
fect [5–7] as gradient effects are more pronounced at smaller length scales. Structures at small
length scales can also exhibit a size-dependent mechanical response [see e.g. 8, 9]. Thus any
representative model for flexoelectricity needs to account for both the coupling of the electrical
1Flexo and Piezo derive from the latin words flecto - to bend - and piezein - to squeeze.
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response to a strain-gradient, and size-dependent mechanical effects. Reviews on flexoelectricity
include [10–17].
The flexoelectric effect can be classified as direct or converse. Direct is when a strain gradi-
ent induces polarisation; converse is when an electric field gradient induces a mechanical stress.
The direct flexoelectric effect will allow novel piezoelectric composites containing no piezoelec-
tric elements to be developed [13]. Flexoelectricity is also responsible for electromechanical
behaviour in hard crystalline materials and underpins core mechanoelectric transduction phe-
nomena in biomaterials [14].
Classical continuum theories are unable to account for the size-dependent response exhibited
by structures at small length scales. Extended continuum models have been actively developed
over the past three decades to remedy this deficiency. A significant proportion of extended mod-
els are members of either the gradient or micromorphic frameworks. Micromorphic continua are
characterised by additional degrees of freedom at each continuum point [18–20]. By contrast,
gradient continua possess higher gradients of their primary fields [see 21, and the references
therein].
The purely mechanical micromorphic theory has been extended to account for electromag-
netic coupling by including the additional classical continuum electrodynamic contributions in
the balance relations [see e.g. 22, 23]. Romeo directly accounted for electromagnetic contri-
butions at the microscale in a micromorphic framework by accounting for electric dipole and
quadrupole densities. This theory was extended to account for dielectric multipoles [25, 26] and
thereby describe the piezoelectric and flexoelectric effect.
Numerical models that capture the key physics of flexoelectricity for arbitrary geometries in
three dimensions are however limited. This is particularly true for soft dielectric materials that
can undergo significant deformation. A central impediment to developing finite element models
for flexoelectricity, or indeed gradient elasticity, is the requirement that the basis functions used
to approximate the displacement field must be piecewise smooth and globally C1-continuous.
This constraint arises as the partial differential equation governing the mechanical problem is of
fourth-order. By contrast, one only requires a standard C0-continuous approximation for electro-
elasticity. C1-continuous finite element approximations for complex geometries in three space
dimensions are limited [27]. Options include isogeometric analysis [28], mixed formulations,
discontinuous Galerkin approximations [29], the natural element method [30] and other spe-
cialised element formulations, and meshless methods [31]. Many of these methods are not easily
implemented within a conventional finite element library.
Many of the aforementioned methods to generate C1-continuous finite element approxima-
tions have been used to model the problem of flexoelectricity. Abdollahi et al. [32] chose a
meshless method. The analysis was restricted to two dimensions and to the linearised theory.
They recently extended the formulation to three dimensions to provide new insight into the pyra-
mid compression tests used to characterise the flexoelectric parameters. Related works include
[33, 34]. Deng et al. [35] developed a nonlinear theory for flexoelectricity in soft materials and
biological membranes. Numerical results were restricted to one space dimension. They used a
fourth-order approximation for the displacement field. This however is not sufficient for a global
C1-continuous finite element approximation. A mixed formulation based on theory of gener-
alised (extended) continua was proposed by Mao et al. [36]. The mixed approach allowed the
linearised gradient theory to be treated within a standard C0-continuous finite element setting.
In a key contribution, Yvonnet and Liu [37] extended the nonlinear theory of electroelasticity
[see e.g. 38–40, and references therein] to account for the coupling between polarization and the
gradient of the deformation gradient G - a third-order tensor. A non-standard, C1-continuous,
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Argyris-triangle-based finite element formulation was used. This restricts the approach to rel-
atively simple geometries and two dimensions. In contrast to the majority of flexoelectricity
models, the free space surrounding the continuum body was accounted for.
A major contribution of the work presented here is to model the scale-dependent effects that
underpin flexoelectricity (the direct effect) using the micromorphic approach. The formulation
is not restrictive and can handle arbitrary geometries in three space dimensions. We exploit the
Dirichlet principle to uncover the relations governing the response of a (soft) dielectric material
exhibiting flexoelectric effects. Both geometric and materials nonlinearities are accounted for.
The framework is flexible and allows one to describe a range of related problems via an appro-
priate restriction of the constitutive parameters. Several forms for the flexoelectric energy are
proposed.
The highly-nonlinear system of governing equations are solved approximately using the finite
element method. A Newton–Raphson strategy is used to linearise the problem. The framework
is robust and exploits distributed parallelisation and automatic differentiation to improve the effi-
ciency and to simplify the implementation, respectively. Parallelisation helps offset the increased
computational cost that arises in the micromorphic approach due to the need to approximate the
micro-deformation field, a second-order tensor, in addition to the motion and the electric poten-
tial. The finite element model is implemented with the open-source library deal.II [41, 42].
The structure of the presentation is as follows. The theoretical background is presented in
Sec. 2. This includes the kinematics of the macroscopic, micromorphic (microscopic) and elec-
tric problems. The governing equations and boundary conditions are then derived using the
Dirichlet principle. Concrete forms for the constitutive relations are also given. Details of the
monolithic finite element formulation are provided in Sec. 3. The theory is then elucidated via
a series of numerical example problems in Sec. 4. The presentation concludes with a summary
and discussion.
Notation
Direct notation is adopted throughout. Occasional use is made of index notation, the sum-
mation convention for repeated indices being implied. Indices associated with the reference
configuration and the current configuration of the body are distinguished by the use of upper-
and lower-case font, respectively.
The scalar products of two vectors a and b, two second-order tensors A and B, and two
third-order tensors Q and G are respectively denoted by
a · b = aibi , A : B = Ai jBi j , Q ·: G := Qi jkGi jk .
The conventional dyadic product of two vectors, and of two second-order tensors are respectively
given by
a ⊗ b = aib jei ⊗ e j and A ⊗ B = Ai jBklei ⊗ e j ⊗ ek ⊗ el ,
where ei ∈ Rndim and EI ∈ Rndim are the basis vectors of the Cartesian coordinate frame in the
current (spatial) and reference (material) settings, respectively, and ndim is the space dimension.
The upper and lower dyadic products of pairs of second-order tensors are respectively given by
A⊗B = AikB jlei ⊗ e j ⊗ ek ⊗ el and A⊗B = AilB jkei ⊗ e j ⊗ ek ⊗ el .
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The second-order identity tensor is defined by
I = δi jei ⊗ e j .
The action of a second-order tensor A on a vector b is the vector c defined by
c = A · b = Aimbmei .
The single contraction of two second-order tensors, A and B, is the second-order tensorC defined
by
C = A · B = AimAm jei ⊗ e j .
Micromorphic variables are distinguished from macroscopic quantities by an overline. Vari-
ables associated with the electrical problem are distinguished using blackboard bold. Further
notation is introduced when required.
2. Theoretical background
The kinematics of the coupled problem of flexoelectricity are presented in Sec. 2.1. The
Dirichlet principle is then employed to derive the governing equations and boundary conditions.
Concrete forms for the constitutive relations are then provided.
2.1. Kinematics
The kinematic description of motion at the macroscopic scale is presented in Sec. 2.1.1.
This is followed by the description of the micromorphic problem at the microscopic scale. The
electric problem is then given. For more details on the formulation of coupled nonlinear electro-
elasticity, see [38, 43, 44] and for nonlinear micromorphic elasticity see [45], and the references
therein.
2.1.1. The macroscopic problem
Consider a continuum body B composed of matter as shown in Fig. 1. The motion of B
from its reference configuration B0 to its current configuration Bt is defined via the map x =
ϕ(X, t), where x ∈ Bt and X ∈ B0 are physical points in the current and reference configurations,
respectively. The boundary of the reference configuration is denoted by Γ0, with outward unit
normal N.
The invertible linear tangent map F (i.e. the deformation gradient) maps a line element dX
in the reference configuration to a line element dx in the current configuration and is defined by
the derivative of the motion with respect to the material placement; that is,
F := Gradϕ =
∂ϕi
∂XJ
ei ⊗ EJ and dx = F · dX .
The determinant of F is defined by J := det F > 0 and its inverse by j := 1/J. The symmetric
right and left Cauchy–Green tensors, C and b, are respectively defined by
C := FT · F and b := F · FT .
4
Reference configuration Current configuration
M
ac
ro
sc
op
ic 
sc
al
e
M
icr
os
co
pi
c 
sc
al
e
N
<latexit sha1_base64="x1GYh4mWbk6c N8V8d8nL6LrrgB8=">AAABfXicZY7JTgJBEIZrcEPcUI9ejBMTD2QWNOHigcSLJ4OJA yQOIT1NgaW9TLobN8I7eNU382kUdC7Kd/pTf1Xly3JB1kXRp1daWl5ZXSuvVzY2t7Z3 qrt7bavHhmPCtdCmmzGLghQmjpzAbm6QyUxgJ3u4mPedRzSWtLpxLzn2JBspGhJnbjZ qp6PXydW0X/WjIPrhcDHERfChoNWvZulA87FE5bhg1t4OSTFRi/OaI4m2N0FhmXHEBU 4rKal87CZhYmceoWQ8HJELJXGjpTb5HfFw9ixU+MS1lEwNbODweS4V/1dYDO16EJ8G9 eszv3le6JXhAI7gBGJoQBMuoQUJcLiHN3iHD/jyjr2aF/yulrziZh/+4DW+AV0tYxs= </latexit>
F
<latexit sha1_base64="jXpt83xfJo+Ij0tdr5QH4t+p/h8=">AAABeXicZY7JTgJ BEIZrcEPcUI9eVC7EkFnAxIsHEhPjEY0DJEJIT1NgxV4m3T0uIbyBV303n8WLo85F+U5/6q+qfEkqyLow/PBKS8srq2vl9crG5tb2TnV3r2t1ZjjGXAtt+gmzKEhh7MgJ7KcGm UwE9pKHi+++94jGkla37iXFoWRTRRPizOWjm8HlqFoL/fCHw8UQFaEGBZ1RNRmMNc8kKscFs/ZuQoqJRpQ2HEm0wxkKy4wjLnBeGZBKMzcLYps7BJLxYEoukMSNltqk98SD/Fm g8IlrKZkaW9/h8zyXiv4rLIZu049afvP6tNY+L/TKcADHUIcIzqANV9CBGDhM4BXe4B0+vSOv7p38rpa84mYf/uC1vgC+ymES</latexit>
f
<latexit sha1_base64="DHzFo8DmE47QsBf2pp0pdqsitDo=">AAABfXicZY7JTgJ BEIZrcEPcUI9ejMTEA5kFTLh4IPHiERMHSISQnqbA0l4m3Y3bhHfwqm/m0+igc1G+05/6qypfkgqyLgw/vdLK6tr6RnmzsrW9s7tX3T/oWj0zHGOuhTb9hFkUpDB25AT2U4NMJ gJ7ycPlou89orGk1Y17SXEo2VTRhDhz+ag7mL5mk/moWgv98Ifj5RAVoQYFnVE1GYw1n0lUjgtm7e2EFBP1KK07kmiHGQrLjCMucF4ZkEpnLgtim3sEkvFgSi6QxI2W2qR3xIP 8WaDwiWspmRpb3+HzQir6r7Acug0/avqN6/Na+6LQK8MRnMAZRNCCNlxBB2LgcA9v8A4f8OWdenXP/10tecXNIfzBa30DdyVjMw==</latexit>
x = '(X, t)
<latexit sha1_base64="drx609FuKqDVF5jLvrZYqdz2ejE=">AAABk3icZY5LS0J BGIa/sZvZ7VS0qY3kxkDOxYIWFUi1aBMYdFToiMwZRx2ay2FmLEsO9Gva1t/p33Sssymf1cv7XXjihDNjff8LFRYWl5ZXiqultfWNzS1ne6dl1FgTGhLFle7E2FDOJA0ts5x2E k2xiDltx49Xs3n7iWrDlLy3LwntCjyUbMAItlnVc/aj4et0kpYvypFQs6o6KzppzR71nIrv+j+U50OQhwrkNHtOHPUVGQsqLeHYmIcBk5jXgqRmmaCmO6XcYG0Z4TQtRUwmYzv 1QpPZeQITb8isJxjRSiidjBjxsmeepM9ECYFl37iWTtJMKvivMB9adTc4dut3J5XGea5XhAM4hCoEcAoNuIEmhEDgDd7hAz7RHjpDl+j6d7WA8ptd+AO6/QaXIWos</latexit >
B0
<latexit sha1_base64="LPTSKwRdd77i uXDC+CjZVD/praQ=">AAABgHicZY7LTgJBEEWr8YX4Ql26Mc6GBZmeARMT44LoxiUmD mAcQnqaAjv2Y9Ld+AjhK9zqh/k3jjob5axu6lZVTpZL4XwUfZLKyura+kZ1s7a1vbO7 V98/6DkzsxwTbqSxg4w5lEJj4oWXOMgtMpVJ7GePV999/wmtE0bf+tcch4pNtZgIznw xuksVl/PLxSga1YMojH44Xg5xGQIo6Y7qWTo2fKZQey6Zc/cToZlsxnnTC4VuOEfpmP WCS1zUUqHzmZ/TxBUqVDFOp8JTJbg1ytj8QXBaPKMan7lRiumxCz2+LAqp+L/Ccui1w rgdtm5Og85FqVeFIziBBsRwBh24hi4kwEHBG7zDB6mQBqEk/l2tkPLmEP5Azr8Am3Zj GA==</latexit>
 0
<latexit sha1_base64="SLqEzfy2/dg2 wAWyWlGdcJatWKg=">AAABf3icZY7JSgNBEIar4xbjFvXoRcxBD2GWKIjgIeBBjxGcJ GBC6OlUYmEvQ3ePCyEv4VVfzLdx1LlovtNP/VXFl2aSnI+iT1ZZWl5ZXauu1zY2t7Z3 6rt7XWdyKzARRhrbT7lDSRoTT15iP7PIVSqxlz5effe9J7SOjL7zrxkOFZ9qmpDgvhj 1B9dcKT6KRvVGFEQ/HC6GuAwNKOmM6ulgbESuUHshuXP3E9JcNuOs6UmhG85QOm49CY nz2oB0lvtZmLjCJFRchFPyoSJhjTI2eyARFs9Cjc/CFDp67AKPL/NCKv6vsBi6rSA+D Vq3Z432ZalXhQM4ghOI4RzacAMdSECAhDd4hw/G2DELWPS7WmHlzT78gV18AdREYns= </latexit>
dX
<latexit sha1_base64="7m7RH3H3QIWj u1kseKNZZ7pXRaI=">AAABgHicZY7LTgJBEEWr8YX4GnXphsiGBZmeARMT44LEjUtMH MA4hPQ0BXbsx6S78UX4Crf6Yf6NoLNRzuqmblXlZLkUzkfRFymtrW9sbpW3Kzu7e/sH weFR15mp5ZhwI43tZ8yhFBoTL7zEfm6RqUxiL3u8Wva9J7ROGH3rX3McKDbRYiw484v RXTqqppO3WX8+DGpRGP1QXQ1xEWpQ0BkGWToyfKpQey6Zc/djoZlsxHnDC4VuMEPpmP WCS5xXUqHzqZ/RxC1UqGKcToSnSnBrlLH5g+B08YxqfOZGKaZHLvT4spSK/yushm4zj Fth8+as1r4s9MpwAqdQhxjOoQ3X0IEEOCh4hw/4JCVSJ5TEv6slUtwcwx/IxTemkmMk </latexit>
P
<latexit sha1_base64="/1J/PXPzJW2Y bKNcAatcFukB3E0=">AAABfnicZY7LTgJBEEWr8YX4Ql26MZIYFzg9gya6cEHixiUmD kMihPQ0BXbox6S7x0cIH+FWv8y/cdDZKGd1U7eqctJMCufD8ItUVlbX1jeqm7Wt7Z3d vfr+QdeZ3HKMuZHG9lLmUAqNsRdeYi+zyFQqMUmnt4s+eUbrhNEP/i3DgWITLcaCM1+ Mkr7ictaZD+uNMAh/OF4OURkaUNIZ1tP+yPBcofZcMucex0Iz2YyyphcK3WCG0jHrBZ c4r/WFznI/o7ErRKhinE6Ep0pwa5Sx2ZPgtHhGNb5woxTTIxd4fF1IRf8VlkO3FUQXQ ev+stG+KfWqcAQncAYRXEEb7qADMXCYwjt8wCcBckrOCf1drZDy5hD+QK6/AcFcYoM= </latexit> X
<latexit sha1_base64="M1jO0h1E+2fv SDRYpoqMDJYpLjI=">AAABfXicZY7JTgJBEIZrcEPcUI9ejMTEA5kFTLh4IPHiERMHJ hFCepoCS3uZdDduE97Bq76ZT6Ogc1G+05/6qypfmgmyLgw/vdLK6tr6RnmzsrW9s7tX 3T/oWj01HGOuhTZJyiwKUhg7cgKTzCCTqcBe+nC56HuPaCxpdeNeMhxINlE0Js7cfNT tT17zZDas1kI//OF4OURFqEFBZ1hN+yPNpxKV44JZezsmxUQ9yuqOJNpBjsIy44gLnF X6pLKpy4PYzj0CyXgwIRdI4kZLbbI74sH8WaDwiWspmRpZ3+HzQir6r7Acug0/avqN6 /Na+6LQK8MRnMAZRNCCNlxBB2LgcA9v8A4f8OWdenXP/10tecXNIfzBa30DZ/9jJQ== </latexit>
Bt
<latexit sha1_base64="QwOSmP2xJ+AHjDQYyRVBtgeytrc=">AAABgHicZY7LTgJ BEEWr8YX4Ql26Mc6GBZmeARMT44LoxiUmDmAcQnqaAjv2Y9Ld+AjhK9zqh/k3jjob5axu6lZVTpZL4XwUfZLKyura+kZ1s7a1vbO7V98/6DkzsxwTbqSxg4w5lEJj4oWXOMgtM pVJ7GePV999/wmtE0bf+tcch4pNtZgIznwxuksVl/PLxciP6kEURj8cL4e4DAGUdEf1LB0bPlOoPZfMufuJ0Ew247zphUI3nKN0zHrBJS5qqdD5zM9p4goVqhinU+GpEtwaZWz +IDgtnlGNz9woxfTYhR5fFoVU/F9hOfRaYdwOWzenQeei1KvCEZxAA2I4gw5cQxcS4KDgDd7hg1RIg1AS/65WSHlzCH8g51/kxmNc</latexit> dx
<latexit sha1_base64="OmVVeqY2WZWrL6fS6c/pwrmKDVc=">AAABgHicZY7LTgJ BEEWr8YX4GnXphsiGBZmeARMT44LEjUtMHMA4hPQ0BXbsx6S78UX4Crf6Yf6NiLNRzuqmblXlZLkUzkfRFymtrW9sbpW3Kzu7e/sHweFR15mp5ZhwI43tZ8yhFBoTL7zEfm6Rq UxiL3u8+ul7T2idMPrWv+Y4UGyixVhw5heju3RUTSdvs5f5MKhFYbSkuhriItSgoDMMsnRk+FSh9lwy5+7HQjPZiPOGFwrdYIbSMesFlzivpELnUz+jiVuoUMU4nQhPleDWKGP zB8Hp4hnV+MyNUkyPXOhxKRX/V1gN3WYYt8LmzVmtfVnoleEETqEOMZxDG66hAwlwUPAOH/BJSqROKIl/V0ukuDmGP5CLb8kyY0Q=</latexit>
x
<latexit sha1_base64="f6k0vAJ8oRJLaSQBCpKYQ58maeU=">AAABfXicZY7JTgJ BEIZrcEPcUI9ejMTEA5kFTLh4IPHiERMHSISQnqbA0l4m3Y3bhHfwqm/m0+iIc1G+05/6qypfkgqyLgw/vdLK6tr6RnmzsrW9s7tX3T/oWj0zHGOuhTb9hFkUpDB25AT2U4NMJ gJ7ycPlT997RGNJqxv3kuJQsqmiCXHm8lF3MH3Nnuejai30wwXHyyEqQg0KOqNqMhhrPpOoHBfM2tsJKSbqUVp3JNEOMxSWGUdc4LwyIJXOXBbENvcIJOPBlFwgiRsttUnviAf 5s0DhE9dSMjW2vsOFVPRfYTl0G37U9BvX57X2RaFXhiM4gTOIoAVtuIIOxMDhHt7gHT7gyzv16p7/u1ryiptD+IPX+gaKn2NF</latexit>
G
<latexit sha1_base64="m+JXYJl6Qa635g8+a1BOjdk+Ki8=">AAABenicZY7JTgJ BEIZrcEPcRj16MXDRSGZBEi8eSDzoEaMDJEJIT1NgxV4m3Y1LCI/gVZ/Nd/HgqHNRvtOf+qsqX5oJsi6KPrzS0vLK6lp5vbKxubW94+/udayeGo4J10KbXsosClKYOHICe5lBJ lOB3fTh4rvvPqKxpNWte8lwINlE0Zg4c/nopi8vh34tCqIfDhdDXIQaFLSHftofaT6VqBwXzNq7MSkm6nFWdyTRDmYoLDOOuMB5pU8qm7pZmNhcIpSMhxNyoSRutNQmuyce5s9 ChU9cS8nUyAYOn+e5VPxfYTF0GkF8GjSum7XWeaFXhgOowhHEcAYtuII2JMBhAq/wBu/w6VW9Y+/kd7XkFTf78Aev+QVasGGK</latexit>
x = F · X
<latexit sha1_base64="MMf7Gtz7bA46+AmKqVvmJHYhUJ0=">AAABqHicZY7LSsN AGIX/qbdab1GXboLdiJRcWsGNQkEQlxVMWzGlTKbTOjiXMDPVashj+DRu9SF8G1PNpvasDv855+dLUs6MDYJvVFlZXVvfqG7WtrZ3dvec/YOuUVNNaEQUV7qfYEM5kzSyzHLaT zXFIuG0lzxdzfPeM9WGKXlnX1M6EHgi2ZgRbIvT0PFjVcTzdRZP3rJZnruXbiyu3ZiMlHUX036eD5164AW/cpdNWJo6lOoMnSQeKTIVVFrCsTEPYyYxb4RpwzJBzSCj3GBtGeE 0r8VMplOb+ZEpkH2BiT9h1heMaCWUTh8Z8YtnvqQvRAmB5ch4ls7mUOF/hGXTbXphy2ventXbFyVeFY7gGE4ghHNoww10IAIC7/ABn/CFTlEH9dD9X7WCys0hLAglP1xMc+A=< /latexit>
Figure 1: The reference and current configurations of the continuum body B and the associated macroscopic and micro-
scopic (micromorphic) motions and deformation gradients.
It proves convenient to define the inverse of the deformation gradient by f := F−1. The Piola
strain B and the Finger strain c are respectively defined by
B := f · fT = C−1 and c := fT · f = b−1 .
Furthermore, the Green–Lagrange and Euler–Almansi strain tensors are respectively defined by
E :=
1
2
[C − I] and e := 1
2
[i − c]
where
E = FT · e · F =: ϕ−1? (e) and e = fT · E · f =: ϕ?(E) .
The second-order identity tensors in the referential and current configurations are denoted by I
and i, respectively. Note, f · F = I and F · f = i. The push-forward and pull-back operations on
second-order tensors are denoted by ϕ? and ϕ−1? , respectively. That is,
ϕ?(•)[ = fT · (•)[ · f and ϕ−1? (•)[ = FT · (•)[ · F ,
ϕ?(•)\ = F · (•)\ · FT and ϕ−1? (•)\ = f · (•)\ · fT ,
where (•)[ and (•)\ denote covariant and contravariant second-order tensors, respectively. For
completeness, the push-forward and pull-back operations on vectors are given by
ϕ?(•)[ = fT · (•)[ and ϕ−1? (•)[ = FT · (•)[ ,
ϕ?(•)\ = F · (•)\ and ϕ−1? (•)\ = f · (•)\ .
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Hence, for the covariant (kinematic) measures adopted here,
e = ϕ?(E) and E = ϕ
−1
? (e) ,
i = ϕ?(C) and C = ϕ
−1
? (i) ,
c = ϕ?(I) and I = ϕ
−1
? (c) .
2.1.2. The micromorphic problem
The body B is modelled as a micromorphic continuum to account for size-dependent effects.
As such, each material point P ∈ B has additional micromorphic degrees of freedom associ-
ated with the continuum at the microscale that undergoes an affine deformation. The micro-
deformation F(X, t) represents an affine map of material points from their reference position X
to a current position x within the microscale continuum; that is
x = F · X .
The micro-deformation F is kinematically independent of the macroscopic continuum and rep-
resents an additional state variable. The gradient of the micro-deformation with respect to the
macroscale material placement is a (mixed-variant) third-order tensor defined by
G(X) := GradF(X) =
∂F iJ
∂XK
ei ⊗ EJ ⊗ EK = GiJKei ⊗ EJ ⊗ EK .
2.1.3. The electric problem
The scalar electric potential is denoted by ϕ. The spatial and referential electric fields, de-
noted by e and E respectively, are thus given by
e = −gradϕ and E = −Gradϕ ,
and are related to one another as follows
e = fT · E = ϕ?(E) and E = FT · e = ϕ−1? (e) .
The gradient operator with respect to the current configuration is defined by grad(•) := Grad(•) ·
f .
2.2. Dirichlet principle (stationary energy principle)
The Dirichlet principle is employed to determine the kinetic quantities conjugate to the kine-
matic measures derived in Sec. 2.1. The principle also provides the structure for the governing
equations and the boundary conditions.
For the conservative system considered here, the total potential energy E is given by
E =
∫
B0
U0(ϕ, F, F,G, ϕ,E; X) dV +
∫
Γ0
u0(ϕ, F, ϕ; X) dA , (1)
where U0 and u0 are the potential energy density functions per unit reference volume and area,
respectively. The potential energy density U0 is additively decomposed as follows
U0(ϕ, F, F,G, ϕ,E) = W0(F, F,G,E) + V0(ϕ, ϕ) ,
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where W0 is the internal contribution and V0 is the external contribution. Note, we have assumed
that there are no external contributions associated with the micromorphic problem. Under the
isothermal conditions assumed here, the internal contribution W0 is further decomposed as
W0(F, F,G,E) = ψelast0 (F, F,G,E) + ψ
flexo
0 ({F, F},G,E)︸                                            ︷︷                                            ︸
ψ0(F,F,G,E)
+E0(F,E) , (2)
where ψelast0 is the electric free enthalpy density, ψ
flexo
0 is the internal energy associated with the
flexoelectric effect, and E0 is the electric energy density. We note that the proposed additive
decomposition is an assumption motivated by classical approaches in electroelasticity [see e.g.
46, and references therein]; other choices are possible.
Remark 1. Note, the internal energy associated with the flexoelectric effect describes the cou-
pling between the gradient of the micro-deformation G and the spatial electric field e = fT · E.
Hence the dependence of the energy ψflexo0 on both F and E. An alternative push-forward of E
via f := F
−1
, is discussed further in Sec. 2.4. The possible functional dependence of the inter-
nal energy associated with the flexoelectric effect on either F or F, or both, is denoted by curly
braces in the parametrisation. 
In summary, the total potential energy (1) can be expressed as
E =
∫
B0
W0(F, F,G,E; X) dV +
∫
B0
V0(ϕ, ϕ; X) dV +
∫
Γ0
u0(ϕ, F, ϕ; X) dA . (3)
At equilibrium, the total potential energy of the system must be stationary with respect to arbi-
trary variations of the primary fields; that is
δE(ϕ, F, F,G, ϕ,E) = 0 .
Hence
0 =
∫
B0
[
Ptot : δF + P : δF + Q ·: δG − D · δE − b0 · δϕ + ρ f0δϕ dV
]
+
∫
Γ0
[
−t0 · δϕ − t0 : δF + ρ̂ f0δϕ dA
]
∀ δϕ, δF, δϕ ,
(4)
where the energetically-conjugate kinetic measures are defined in Table 1.
It is convenient to additively decompose the macroscopic Piola stress Ptot and the dielectric
displacement D as follows:
Ptot =:
[
P + Ppol
]︸      ︷︷      ︸
DFψ0
+
[
Pmax
]︸ ︷︷ ︸
DFE0
and D =: [P]︸︷︷︸
−DEψ0
+
[
D
]︸︷︷︸
−DEE0
,
where ψ0 = ψelast0 + ψ
flexo
0 was defined in Eq. (2). Here P is the ordinary Piola stress, P
pol is the
polarization stress, and Pmax is the Maxwell stress. D is the referential dielectric displacement,
P is the referential polarization, and D is the dielectric displacement.
The elastic contribution to the energy density associated with matter ψelast0 (see Eq. (2)) con-
tains contributions from the macroscopic problem, the micromorphic problem and an additional
scale-bridging contribution [see 47, for extensive details]; that is
ψelast0 (F, F,G,E) =: ψ
mac
0 + ψ
mic
0 + ψ
scale
0 . (5)
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Measure Domain Label Order
Ptot := DFU0 B0 macroscopic Piola stress 2
P := DFU0 B0 micromorphic Piola stress 2
Q := DGU0 B0 micromorphic double stress 3
D := −DEU0 B0 dielectric displacement 1
b0 := −DϕU0 B0 body force 1
ρ
f
0 := DϕU0 B0 density of free charge per unit volume 0
t0 := −Dϕu0 Γ0 macroscopic Piola traction 1
t0 := −DFu0 Γ0 micromorphic Piola traction 2
ρ̂
f
0 := Dϕu0 Γ0 density of free charge per unit area 0
Table 1: Summary and definition of the kinetic measures introduced in Eq. (4). Order refers to the order of the tensorial
quantity.
It is convenient to define the spatial polarization by p := −Deψt, where ψt := jψ0 is the free
enthalpy per unit volume of the current configuration, as the Piola transformation of the material
polarization P = −DEE0, that is
p = jϕ?(P) and P = J f · p = p · cofF = Jϕ−1? (p) ,
where the cofactor of an invertible second-order tensor (•) is defined by cof(•) := [det(•)](•)−T.
Remark 2. The electric energy density E0 is parametrised here in terms of the electric field E
and the deformation gradient F. This is a common choice [see 43, for further details]. Yvonnet
and Liu [37] in their work on flexoelectricity uses a mixed-type formulation where the electric
energy density E0 is parametrised by the spatial polarization p. 
2.3. Governing equations and boundary conditions
The system of equations and boundary conditions governing the coupled problem of flexo-
electricity and micromorphic elasticity are now derived.
The system of coupled governing equations (the Euler equations) is obtained by applying the
divergence theorem to Eq. (4) and invoking the arbitrariness and independence of the variations
δϕ, δF and δϕ, to obtain
Div
[
P + Ppol + Pmax
]
+ b0 = 0
DivQ − P = 0
DivD = ρ f0
 in B0 .
Dirichlet conditions on the displacement ϕ, the micro-deformation F, and the electric poten-
tial ϕ are prescribed on the parts of the boundary Γϕ0 ⊆ Γ0, ΓF0 ⊆ Γ0, and Γϕ0 ⊆ Γ0, respectively.
That is
ϕ = ϕpre
Γ
on Γϕ0 , F = F
pre
Γ on Γ
F
0 , ϕB = ϕ
pre
Γ
on Γϕ0 .
The superscript (•)pre denotes a prescribed function.
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Remark 3. The physical meaning of a Dirichlet boundary condition on the micro-deformation
F is not clear. We retain this possibility for the sake of completeness. 
The various Neumann conditions on the respective subsets of Γ0 follow as[
Pmax + P + Ppol
]
· N = tpre0 on ΓP0 where Γϕ0 ∪ ΓP0 = Γ0 and Γϕ0 ∩ ΓP0 = ∅ , (6)
Q · N = tpre0 on ΓQ0 where ΓF0 ∪ ΓQ0 = Γ0 and ΓF0 ∩ ΓQ0 = ∅ , (7)
− [D + P] · N = ρ̂ f0 pre on ΓD0 where Γϕ0 ∪ ΓD0 = Γ0 and Γϕ0 ∩ ΓD0 = ∅ . (8)
2.4. Constitutive relations
Concrete examples for the various terms that comprise the total potential energy E in Eq. (3)
are now given. The resulting expressions for the kinetic measures defined in Table 1 are given in
Appendix A.
2.4.1. Elastic energy density
Following [39, 45], the elastic energy density associated with matter ψelast0 = ψ
mac
0 + ψ
mic
0 +
ψscale0 (see Eq. (5)) is assumed to be of the form
ψmac0 (F,E) ≡
1
2
λ ln2 J +
1
2
µ
[
F : F − ndim − 2 ln J
]
+ 0
[
αI + βC + γB
]
: E ⊗ E , (9)
ψmic0 (G) ≡
1
2
µ`2G ·: G , (10)
ψscale0 (ϕ, F) ≡
1
2
p
[
F − F
]
:
[
F − F
]
. (11)
Here λ and µ are the Lame constants, ` ≥ 0 is the length-scale parameter and p ≥ 0 is a penalty-
like parameter that couples the macro- and micro-deformation gradients. The free space electric
permittivity constant 0 =8.854 187 817 × 10−12 F m−1 and α, β and γ are parameters. Eq. (9)
is an additive decomposition of a compressible neo-Hookean energy and a prototypical coupled
electro-elastic model [see 39, 48, for further details]. Following Hirschberger et al. [45], the
micromorphic and scale-bridging energies as chosen to be quadratic functions of the various
strain measures. We note that this is an assumption and not a requirement.
Remark 4. Alternative forms for the scale transition energy include
ψscale0 (ϕ, F) ≡
1
2
p
[
f · F − I
]2
,
ψscale0 (ϕ, F) ≡
1
2
p
[
FT · F − C
]2
.
An alternative description of the micromorphic energy density in terms of Eringen’s Lagrangian
micro-deformation gradient GE := FT · G is
ψmic0 (F,G) ≡
1
2
µ`2GE ·: GE .
2.4.2. Electric energy density
The electric energy density is given by [see 40]
E0(F,E) = −12 0J B : E ⊗ E . (12)
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2.4.3. Flexoelectric energy density
As discussed in Sec. 2.2, the flexoelectric contribution couples the third-order, mixed-variant
micro-gradient G and the electric field. We propose here that the flexoelectric contribution takes
the form
ψflexo0 (F,G,E) = υ
[
fT · E
]
· G : I , (13)
where υ := 0`υ is a positive parameter. The inclusion of the length scale ` increases the relative
flexoelectric contribution for diminishing sample size (cf. Eq. (10)). The free space electric
permittivity constant ensures that the contribution of the flexoelectric energy is of a similar order
and structure to the electrical contributions in ψmac0 and E0, see Eq. (9) and Eq. (12), respectively.
The pull-back of E via the micro-deformation is proposed to preclude direct coupling of the
macroscale Piola stress Ptot = DFU0 and the microscale problem other than through the scale-
bridging energy in Eq. (11) (see Remark 1).
Remark 5. An alternative form of Eq. (13) would be
ψflexo0 (F,G,E) = υ e · G : I = υ
[
ϕ?(E)
] · G : ϕ−1? (b) = υ [ fT · E] · G : I .
We note that G is a mixed-variant tensor that is contracted in ψflexo0 from the left by the covariant
spatial electric field e = ϕ?(E) and from the right by the contravariant material identity tensor I.
In the same spirit, a further logical proposal for the flexoelectric energy would be
ψflexo0 (F,G,E) = υ e · G : B = υ
[
ϕ?(E)
] · G : ϕ−1? (i) .

Remark 6. The model of flexoelectricity proposed by Yvonnet and Liu [37] requires a C1-
continuous finite element approximation. This is restrictive. The micromorphic approach pro-
posed here requires standard C0 continuity. To compare formulations, define the gradient of the
deformation gradient by G = GradF = Grad[Gradϕ]. We note that as the penalty-like parameter
p → ∞ in Eq. (11), G → G. Yvonnet and Liu define an internal energy to describe the gradient
and the flexoelectric effect that takes the form
ψflexo0 (G,p) =
1
2
[`YL]2 [G : I] · [G : I] + υYL p · [G : I] , (14)
where `YL ≥ 0 is a length scale and υYL ≥ 0 is a constitutive parameter. Note that the units of υ
and υJY are clearly different. The first term in Eq. (14) is similar to the micromorphic energy in
Eq. (10) but with a different choice of inner product. The second term is similar but reflects the
choice of Yvonnet and Liu to select the polarization p as a primary field. 
The micromorphic model of flexoelectricity allows a range of different problems to be ad-
dressed by modifying the parameters in the constitutive relations, as depicted in Fig. 2. The
schematic provides a convenient classification structure. FM-Elasticity denotes the problem
of coupled flexoelectricity and micromorphic elasticity. As the penalty penalty-like parameter
p → ∞ we recover coupled flexoelectricity and gradient elasticity, denoted FG-Elasticity. By
setting the flexoelectric parameter υ→ 0 we obtain the problem of coupled electro-micromorphic
elasticity, denoted EM-Elasticity. Note that by this definition, flexoelectric effects are absent in
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EM-Elasticity. The problem of coupled gradient electro-elasticity is obtained from EM-Elasticity
as p→ ∞. In addition micromorphic elasticity (M-Elasticity) and electro-elasticity (E-Elasticity)
are obtained from EM-Elasticity as 0 → 0, and as ` → 0 and p → 0, respectively. In the same
spirit, we recover gradient elasticity from M-Elasticity as p→ ∞. Finally, we obtain the standard
problem of nonlinear elasticity from M-Elasticity as ` → 0 and p → 0, and from E-elasticity as
0 → 0.
Henceforth for the choice of ` ≡ 0 it is implied that p ≡ 0. This ensures that the macroscopic
and micromorphic response are uncoupled.
Elasticity 
M-Elasticity E-Elasticity G-Elasticity 
EM-Elasticity EG-Elasticity 
FM-Elasticity FG-Elasticity 
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Figure 2: The relation between the various models of coupled electrical and mechanical elasticity within the micromor-
phic setting.
3. The Finite Element approximation
The triangulation of the reference configuration B0 into non-overlapping elements is denoted
by T hB. The primary fields (the macroscopic motion ϕ, the micro-deformation F, and the electric
potential ϕ) are approximated using finite element spaces of continuous piecewise polynomials of
fixed, but potentially different, degree. The macroscopic motion ϕ ∈ H1(B0), the micromorphic
deformation F ∈ H1(B0), and the scalar electric potential ϕ ∈ H1(B0) are respectively given in
a vector space spanned by the standard (i.e. C0-continuous) vector-, tensor-, and scalar-valued
finite element basis functions (polynomials with local support), respectively denoted by NIϕ, N
I
F
and N Iϕ. That is, the primary fields and their associated variations (δϕ ∈ H10(B0), δF ∈ H10(B0)
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and δϕ ∈ H10(B0)) are approximated by
ϕh =:
∑
I∈Iϕ
ϕINIϕ(X) and δϕ
h =:
∑
I∈Iϕ
ϕINIϕ(X) , (15)
F
h
=:
∑
I∈IF
FINIF(X) and δF
h
=:
∑
I∈IF
δFINIF(X) , (16)
ϕh =:
∑
I∈Iϕ
ϕI N Iϕ(X) and δϕ
h =:
∑
I∈Iϕ
δϕI N Iϕ(X) , (17)
where superscript h indicates that the representation is related to the finite element mesh with size
function h(X). Upright Greek letters are used to denote a global vector containing the degrees
of freedom associated with one of the three primary field. The sets Iϕ and IF and Iϕ contain
the degrees of freedom for the macroscopic, micromorphic and electric fields, respectively. The
discrete representation of the gradients and variations of the primary fields follow directly as
Fh =:
∑
I∈Iϕ
ϕIGradNIϕ(X) and δF
h =:
∑
I∈Iϕ
δϕIGradNIϕ(X) , (18)
G
h
=:
∑
I∈IF
FIGradNIF(X) and δG
h
=:
∑
I∈IF
δFIGradNIF(X) , (19)
Eh =: −
∑
I∈Iϕ
ϕIGradN Iϕ(X) and δE
h =: −
∑
I∈Iϕ
δϕIGradN Iϕ(X) . (20)
Substituting the discrete representations (15)–(20) into the stationary condition (4), yields the
following three sets of coupled non-linear residual equations to be satisfied:
RIϕ :=
∫
B0
[
Ptot : GradNIϕ − b0 · NIϕ
]
dV −
∫
Γ0
t0 · NIϕ dA .= 0 ∀I ∈ Iϕ (21)
RI
F
:=
∫
B0
[
P : NI
F
+ Q ·: GradNI
F
]
dV −
∫
ΓB0
t0 : NIF dA
.
= 0 ∀I ∈ IF (22)
RIϕ :=
∫
B0
[
D · GradN Iϕ + ρ f0 N Iϕ
]
dV +
∫
Γ0
ρ̂
f
0 N
I
ϕ dA
.
= 0 ∀I ∈ Iϕ . (23)
The three global residual vectors, obtained by assembling the individual contributions from
the residual expressions associated with the respective degrees of freedom (21)–(23), are denoted
by [
Rϕ RF Rϕ
]
T =: R .
and the global vectors of degrees of freedom by[
dϕ dF dϕ
]
T =: d .
Note that dimRϕ = dimdϕ = |Iϕ|, dimRF = dimdF = |IF|, and dimRϕ = dimdϕ = |Iϕ|.
The coupled nonlinear residual equations are solved approximately using a Newton–Raphson
strategy whereby within each iteration (i) of the current load (time) step the linearised problem
is given by
R(i+1) = R(i) +
[
DdR(i)
]
∆d(i) .= 0
=⇒ K(i)∆d(i) = −R(i) ,
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and ∆d(i) := d(i+1) − d(i). When expressed in the form of a block system, the discrete problem at
each iteration takes the form
Kϕϕ KϕF Kϕϕ
KFϕ KFF KFϕ
Kϕϕ KϕF Kϕϕ

(i) 
∆dϕ
∆dF
∆dϕ

(i)
= −

Rϕ
RF
Rϕ

(i)
. (24)
The load step is deemed converged when the (normalised) magnitude of the incremental changes
∆dϕ, ∆dF, and ∆dϕ, together with the (normalised) magnitude of the residual vectors Rϕ, RF,
and Rϕ, are below a defined tolerance   1.
The explicit reference to the current iteration counter is dropped henceforth. The matrix prob-
lem (24) is solved monolithically. The various contributions to the tangent matrix K associated
with the degrees of freedom I ∈ {Iϕ,IF,Iϕ} and J ∈ {Iϕ,IF,Iϕ} are given by[
Kϕϕ
]
IJ
= ∂ϕJR
I
ϕ =
∫
B0
∂ϕJ
[
Ptot : GradNIϕ
]
dV =
∫
B0
[
DFPtot : GradNJϕ
]
: GradNIϕ dV[
KϕF
]
IJ
= ∂
F
JRIϕ =
∫
B0
∂
F
J
[
Ptot : GradNIϕ
]
dV =
∫
B0
[
DFP
tot : NJ
F
]
: GradNIϕ dV[
Kϕϕ
]
IJ
= ∂ϕJR
I
ϕ =
∫
B0
∂ϕJ
[
Ptot : GradNIϕ
]
dV = −
∫
B0
[
DEPtot · GradN Jϕ
]
: GradNIϕ dV
[
KFϕ
]
IJ
= ∂ϕJR
I
F
=
∫
B0
∂ϕJ
[
P : NI
F
+ Q ·: GradNI
F
]
dV
=
∫
B0
[
DFP : GradNJϕ
]
: NI
F
dV +
∫
B0
[
DFQ ·: GradNJϕ
]
·: GradNI
F
dV[
KFF
]
IJ
= ∂
F
JRI
F
=
∫
B0
∂
F
J
[
P : NI
F
+ Q ·: GradNI
F
]
dV
=
∫
B0
[
DFP : N
J
F
]
: NI
F
dV +
∫
B0
[
DGQ ·: GradNJF
]
·: GradNI
F
dV[
KFϕ
]
IJ
= ∂ϕJR
I
F
=
∫
B0
∂ϕJ
[
P : NI
F
+ Q ·: GradNI
F
]
dV
= −
∫
B0
[
DEP · GradN Jϕ
]
: NI
F
dV −
∫
B0
[
DGQ · GradN Jϕ
]
·: GradNI
F
dV
[
Kϕϕ
]
IJ
= ∂ϕJR
I
ϕ =
∫
B0
∂ϕJ
[
D · GradN Iϕ
]
dV =
∫
B0
[
DFD : GradNJϕ
]
· GradN Iϕ dV[
KϕF
]
IJ
= ∂
F
JRIϕ =
∫
B0
∂
F
J
[
D · GradN Iϕ
]
dV =
∫
B0
[
DFD : N
J
F
]
· GradN Iϕ dV[
Kϕϕ
]
IJ
= ∂ϕJR
I
ϕ =
∫
B0
∂ϕJ
[
D · GradN Iϕ
]
dV = −
∫
B0
[
DED · GradN Jϕ
]
· GradN Iϕ dV .
4. Numerical examples
The finite element problem detailed in the previous section is implemented within the open-
source library deal.II [41, 42] in conjunction with the linear algebra package Trilinos [49]. The
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automatic differentiation package ADOL-C [50] is used to evaluate the derivatives that appear in
the expressions for the residual and tangent given in Sec. 3.
Tri-quadratic piecewise polynomials are used to approximate the (vectorial) macroscopic
motion map ϕh and the (tensorial) micromorphic deformation gradient F
h
. Tri-linear approx-
imations are used for the (scalar) electric potential ϕh. This is a non-standard choice for the
problem of E-Elasticity where equal-order approximations are typically used for ϕh and ϕh [39].
We choose to break with convention to ensure that the flexoelectric contribution to the energy in
Eq. (13) contains electrical and micromorphic terms of equal polynomial order. The challenge of
determining the optimal functional setting for the problem of FM-Elasticity is discussed further
in Sec. 5.
The default constitutive parameters used for the numerical examples, unless stated otherwise,
are listed in Table 2. To improve the scaling of the linear system (24), we adopt units of mm, N
and kV. Initial conditions on the micro-deformation of F ≡ I are set, where I is the second-order
micromorphic identity tensor. Homogeneous Neumann boundary conditions for the micromor-
phic traction, defined in Eq. (7), are assumed for all example problems. Body forces and free
charge are ignored.
Parameter Symbol Value
Poisson’s ratio ν 0.273
Shear modulus µ 0.05
α 0.2
β 2
γ −2
Penalty-like parameter p 5000µ
Table 2: Default constitutive parameters. The electrical and mechanical parameters are taken from [39, 51, 52].
We consider two three-dimensional example problems to elucidate the theory developed in
the previous sections. The first is the problem of a strip with a hole, the second the bending of a
cantilever beam.
4.1. Strip with hole: M-Elasticity
The objective of this example is to demonstrate the key features of M-Elasticity. Specifi-
cally, we examine the role that the ratio of the length scale ` to a characteristic dimension of
the macroscopic problem L plays in the overall response of the structure. Recall that in the
proposed formulation for FM-Elasticity, the micromorphic model captures scale-dependent ef-
fects and allows the gradient of the deformation gradient G = GradF to be approximated via its
micromorphic counterpart G within a conventional C0-continuous finite element setting.
Consider the problem of a three-dimensional strip with dimensions L × L/3 × L/24, where
L = 120, loaded in tension as depicted in Fig. 3(a). A two-dimensional version of the problem
was proposed by Hirschberger et al. [45] for the problem of M-Elasticity. An equal and oppo-
site motion is prescribed on the upper and lower face in 5 equal steps. The final length of the
deformed specimen is 3L/2. All other boundary conditions are of type homogeneous Neumann.
The finite element mesh of the undeformed strip is shown in Fig. 4. The symmetry of the prob-
lem is exploited to reduce the computational cost by simulating only one quarter of the domain.
Following [45], the penalty-like parameter is set to p ≡ 50µ for this example.
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Figure 3: The problem of a strip with a hole. Geometry and boundary conditions for (a) M-Elasticity and (b) E- and
FM-Elasticity.
The final deformed shapes for five different choices of ` ∈ {0; L/12; L/6; L/3; L} are shown
in Fig. 5. The choice ` ≡ 0 corresponds to (nonlinear) Elasticity, see Fig. 2. The response away
from the hole is similar for all choices of ` as the deformation is essentially homogeneous in this
region. The micromorphic effect is significant in the vicinity of the hole where the deformation is
inhomogeneous. The horizontal and the vertical displacement of the points A and B, respectively,
(see Fig. 3(a)) are plotted against the prescribed displacement of the upper face ϕprey in Fig. 5.
Increasing the length scale, or equivalently reducing the specimen size, leads to a stiffer response.
The increase of strength with decreasing specimen size is the key feature of M-Elasticity.
This behaviour will be inherited by the problems of EM- and FM-Elasticity, as discussed next.
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M-Elasticity: the influence of length scale on the deformation of the micromorphic plate with 
hole.
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Figure 4: The finite element mesh of the undeformed strip with a hole geometry, and the final deformed configuration
for various different length scales `. The distribution of the yy-component of the Cauchy stress σ := jP · FT is shown.
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Figure 5: The relationship between the applied displacement uprey and the (a) horizontal displacement of point A and (b)
the vertical displacement of point B for the strip with a hole problem and the model of M-Elasticity.
4.2. Strip with hole: E- and FM-Elasticity
The problem of a strip with a hole has been used to demonstrate key features of models of
E-Elasticity at finite deformations [see e.g. 46]. The objective here is to use this benchmark
problem to illustrate differences between E- and FM-Elasticity. The problem of EM-Elasticity
is not considered in this example problem for the sake of brevity. The boundary conditions are
shown in Fig. 3(b). A potential difference of 0.2 ≡ 2ϕpre is applied between the upper and lower
faces in five equal steps. The finite element mesh of the undeformed configuration is shown in
Fig. 6. As in Sec. 4.1, the symmetry of the problem is exploited. The length scale is fixed as
` ≡ L/3 and the penalty-like parameter is set to p ≡ 5000µ.
The deformation induced by the applied potential difference is large, as shown in Fig. 6. The
results for E-Elasticity in Fig. 6(a) match those presented by Vu et al. [46]. The FM-Elasticity
problem, shown in Fig. 6(b), highlights important differences between the models. The me-
chanical deformation in the vicinity of the hole differ significantly. This is a consequence of the
micromorphic response in FM-Elasticity that occurs due to the inhomogeneous deformation field
in this region, as shown in Sec. 4.1 for the problem of M-Elasticity. The differences between the
theories are more clearly demonstrated in the plot of the horizontal and the vertical displacement
of the points A and B, respectively, (see Fig. 3(b)) against the time (load) step shown in Fig. 7.
4.3. Bending of a micro-cantilever beam
Consider the microscale cantilever beam of dimensions L × L/10 × L/10 shown in Fig. 8,
where L = 100. The beam is fully fixed on the left face at X = 0, that is, the macroscopic
displacement u = 0. A traction tpre0 = −0.2E2 is applied to the right face at X = L in a single load
step. The electric potential ϕ = ϕpre = 0 at X = 0. The setup is typical of that used to quantify
the flexoelectric response [see e.g. 53, and the references therein]. The applied traction causes
the cantilever to bend, thereby inducing a transverse strain gradient. The polarization due to the
flexoelectric effect is then determined from the measurement of the potential difference between
two metallic plates on the upper and lower faces of the beam, as indicated by points C and D in
Fig. 8.
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Figure 6: The finite element mesh of the undeformed configuration and the deformed strip for the problems of (a)
E-Elasticity and (b) FM-Elasticity. The plot is coloured by the potential field.
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Figure 7: The (a) horizontal displacement of point A, and (b) the vertical displacement of point B for the strip with a hole
problem over five time (load) steps.
4.3.1. M-Elasticity
The influence of the length scale ` on the vertical deflection of the beam uy due to the applied
traction is investigated for the problem of M-Elasticity to determine the role of the micromorphic
contribution in the absence of flexoelectric effects. The vertical deflection along the line A–B for
` ∈ {0; 0.25; 0.5; 0.75; 1; 2} is shown in Fig. 9. The choice of ` ≡ 0 corresponds to (nonlinear)
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Figure 8: The geometry and boundary conditions for the micro-cantilever beam problem.
Elasticity. An increasing length scale (decreasing specimen size) leads to a stiffer response, as
expected. As ` → 0 we recover the Elasticity response.
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M-Elasticity: the influence of length scale on the deflection of the micromorphic beam
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Figure 9: The vertical deflection uy along the line A–B for the cantilever beam for various choices of the length scale `.
The problem is M-Elasticity. A plot of the deformed shap of the beam or the choices ` ≡ 0 (El sticity) and ` ≡ 2 is
also shown. The deformed shape is coloured by the magnitude of the displacement field.
4.3.2. EM- and FM-Elasticity
The length scale is now fixed as ` ≡ 1 (see Fig. 9) and the influence of the flexoelectric
coefficient υ ∈ {0; 0.25; 0.5; 0.75; 1} on the response investigated.
The distribution of the potential along the horizontal line A–B and the vertical line C–D (see
Fig. 8) is shown in Fig. 10(a) and (b), respectively. The choice of υ ≡ 0 corresponds to EM-
Elasticity. For this case, and for the current choice of electric boundary conditions, the potential
is zero in the beam. Choosing υ > 0 activates the flexoelectric effect. Increasing υ linearly scales
the magnitude of the distribution of the potential over the beam. This response can be understood
from the distribution of the micro-gradient G = GradF along the beam shown in Fig. 10(c) and
(d). The distribution of |G| along the line A–B is essentially identical for all choices of υ. Thus
18
the electric field has negligible influence on the micromorphic response in the current example.
The choice of the energy associated with the flexoelectric effect in Eq. (13) is linear in G. Hence
the flexoelectric contribution to the dielectric displacement scales linearly with the flexoelectric
coefficient υ, see Eq. (A.1).
The micro-gradient G exhibits a concentration at X = 0 where the beam is macroscopically
fully-constrained, see Fig. 10(c) and (d). The macroscopic boundary condition results in a con-
centration in the macroscopic deformation field F and hence the micro-deformation F.
Notice, however, the discrepancy between |F−F| at the boundary shown in Fig. 10(c). Recall
that the scale bridging energy ψscale0 in Eq. (11) contains the term [F−F]. The micro-deformation
F is a field variable (a nodal quantity in the finite element description) while the deformation
gradient F is computed from the displacement field and evaluated at the quadrature points of
the finite element mesh. This mismatch leads to the inability to tie F to F more closely in the
presence of a concentration in the macroscopic deformation field irrespective as to the choice of
the penalty term p. Several choices for p were investigated and all produced similar behaviour.
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Figure 10: The distribution of the potential ϕ over (a) the horizontal line A–B and (b) the vertical line C–D, for various
choices of υ. The distribution of the norm of the micro-gradient |G| and the scale transition measure |F − F| along the
line A–B is shown in (c). The distribution of the norm of the micro-gradient |G| over the deformed cantilever beam is
given in (d).
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5. Discussion and conclusion
A novel micromorphic formulation for flexoelectricity has been presented. The formulation
has been implemented within a conventional C0-continuous finite element setting. The Dirichlet
principle has been applied to reveal the structure of the governing relations and the boundary
conditions. The formulation allows for a spectrum of different model problems to be consid-
ered by the appropriate restriction of the constitutive parameters. Details of the finite element
approximation have been given. The theory has been elucidated via a series of numerical exam-
ple problems. The cantilever beam example demonstrated the complex interaction between the
mechanical size effect and the flexoelectric response.
The influence of the free space surrounding the solid material has been ignored, as is often
the case for piezoelectric materials [see e.g. 54]. This is not however the case for electro-active
polymers where the free space contribution can be significant [55], and was accounted for by
Yvonnet and Liu [37] in their model of flexoelectricity. Therefore, the framework presented
will be extended to consider the free space. The approach will follow our previous work on
E-Elasticity [39].
The current work presented a mathematical and numerical model for flexoelectricity. The nu-
merical model has been validated for E-Elasticity and M-Elasticity using benchmark problems
in the literature. The validation of the FM-Elasticity model against experiment is critical and
will be considered in future work. This will allow one to decide on the correct form of the flexo-
electric energy and the choice of the relevant constitutive parameters. Experimentally measured
uncertainty in the geometry and the constitutive parameters of the fabricated components should
be accounted for in the model.
The micromorphic framework presented could readily be extended to describe the converse
flexoelectric effect via the introduction of a micromorphic electrical field E and its gradient G =
GradE. The scale-bridging energy for the converse effect would involve the norm |E−E| and take
a form similar to Eq. (11). The form of the energy describing the converse flexoelectric effect
would include G and some measure of the macroscopic deformation.
The choice of the optimal functional setting for the problem of flexoelectricity remains an
open challenge. A careful mathematical and computational study will provide further insight
and is recommended. This may also reveal an approach to better control the scale transition
parameter in the vicinity of concentrations in the macroscopic fields.
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Appendix A. Form of the kinetic measures
The form of the kinetic measures introduced in Table 1 and entering the residual equations
(21) – (23) are now given for the choice of constitutive relations made in Sec. 2.4. Prior to this,
some useful relations are recalled.
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Appendix A.1. Useful relations
∂ [F : F]
∂F
= 2F ,
∂ [J]
∂F
= J fT ,
∂ [ln J]
∂F
= fT ,
∂
[
ln2 J
]
∂F
= 2 ln J fT ,
∂ [C]
∂F
= I⊗FT + FT⊗I , ∂ f
T
∂F
= − fT⊗ f ,
∂B
∂C
= −1
2
[
B⊗B + B⊗B
]
,
∂B
∂F
= −
[
f⊗B + B⊗ f
]
.
Appendix A.2. Kinetic measures
Macroscopic Piola stress Ptot
The macroscopic Piola stress Ptot is given by
Ptot = DFU0 = DFψelast0 + DFψ
flexo
0 + DFE0 = DFψ
mac
0 + DFψ
scale
0 + DFψ
flexo
0 + DFE0
where
DFψmac0 =
[[
λ ln J − µ] fT + µF] + 20βC · E ,
DFψscale0 = −p
[
F − F
]
,
DFiJψ
flexo
0 = −η
[
EM
[
fT⊗ f
]
mMiJ
[
G : B
]
m
+
[[
fT · E
]
· G
]
NO
[
f⊗B + B⊗ f
]
NOiJ
]
ei ⊗ EJ ,
DFE0 = −12η0J
[
[B : E ⊗ E]
[
fT
]
iJ
−
[
f⊗B + B⊗ f
]
MNiJ
[E ⊗ E]MN
]
ei ⊗ EJ .
Micromorphic Piola stress
The micromorphic Piola stress P is given by
P = DFU0 = DFψ
elast
0 = DFψ
scale
0
= p
[
F − F
]
.
Micromorphic double stress
The micromorphic double stress Q is given by
Q = DGU0 = DGψ
elast
0 + DGψ
flexo
0
= µ`2G + ν
[
fT · E
]
⊗ B .
Dielectric displacement
The dielectric displacement D is given by
D = −DEU0 = −20
[
αI + βC − 1
2
η0J B
]
· E − υ f · G : I . (A.1)
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